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Permutations with Non-

Ordered Elements

Lesson objectives

- | can recognise the advantages of different counting
techniques

- | can make connections between situations that involve
permutations and combinations

l Lesson objectives Teachers' notes Lesson notes

MHR Page 108 #s1-9 & 13

Warm Up

In the previous chapter, the objects in each set
were always different. This is not always the case.
Sometimes, there are objects that are identical.

« Do you think this will increase (or decrease)
the number of different arrangements? Why?

:Decfeas:e, becouse there will b2 so~e

¢ There may be some objects that cannot be
rearranged. Do you think this will increase (or
decrease) the number of arrangements? Why?

sects ave in frxed
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Complete the Investigate on Page 1

1. Select the coloured blocks as indicated. Set the others aside. For each
set of blocks, answer the following questions:
+ What are the possible permutations?
« How many arrangements of blocks in a row are there? \

a) two of one colour, one of another colour

b) two of one colour, two of different colours (e.g., blue blue yellow red)
&M’f‘a‘ﬁm = 4(—-_/ = 2%
Blocks ina ow = (2
¢) two of one colour, two of another colour
Fecr~ntaatons = ! = 2%
Blocks in o rd = &

d) two of one colour, three of another colour
%?V\U\.‘l'&‘h'ons = §s/=120
Blocks ina ey = 1O

Ferruntetions = 3 =6 »ﬂcef'e&“ [ockire,
Blocks ina o = 3 arrarzgemefd‘s

04

& coloured blocks or
linking cubes (3 of one
colour, 2 of a second
colour, 1 of a third
colour)

Complete the Investigate on Page 104

1. Select the coloured blocks as indicated. Set the others aside. For each
set of blocks, answer the following questions:
¢ What are the possible permutations? linking
« How many arrangements of blocks in a row are there? colour,

colour,
a) two of one colour, one of another colour colour)

KRB REBR RrRL
2 dsh~ck ovronoesments

b} two of one colour, two of different colours (e.g., blue blue yellow red) 0\(

ﬁﬁéq RARB [ RRRSG
2@ _rGB R | RBRGR q
BakR|[BAGRR |qg

c] two nf one colour, two I}f another colou

rPERE BRRR RBLRE £

d) two of one colour, three of another colour

BRRRB  RBRRB RRERE

6 coloured blocks or

g BBR BRRBE B R R R amarspredy
BBRER  BRRRR BRREBR

RRRBB& RRBBR pRRABR
P RBRR |l bshact 0\(7'“’39"“9"‘/3.

cubes (3 of one
2 of a second
1 of a third
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Example 1

Permutations With Like Elements

Compare the number of arrangements of the sets of letters A|A,BC
and AABC.

A A, BC  oond hove 2 ovrorgsmants
A, is duistinepisheble o Az (q_ 1 )
= order is important.

2 arfar:gezv\emf:.
AABRS woonld rove | -
A ol A ar «‘der\'h'cut’\olg)ecf's ard @~ b

acrarsed, in 2! wans. <¢e—!>
2!

—> Orderis ot importact,

Your Turn

Compare the number of arrangements of the sets of letters.

a) ABB,B, and ABBB
b) AA,B,B, and AABB

) AB B, Bz ore i fraredt okyects
—_— ¢! = 2% O\rfo@ene.-dr.
ABBB Aos 3 ide~dial ok jects.

= ;(-! — ((_,o\(r'a/:ﬁeﬂf\efd-:
D AAEEn e bt Skt

s
_— &/ = 2% amangemen i ‘
AABR hHIas 2 pics of iAe~haadl okyet=.

— z"ké/' = & arercprmands
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Permutations With Like Objects

In Example 1, you can multiply the number of arrangements of AABC
by 2! to determine the number of arrangements of A|A,BC. You can also
divide the number of arrangements of A|A,BC by 2! to determine the
number of arrangements of AABC.

The number of permutations of n elements, when p of one type are

identical, ¢ of another type are identical, r of another type are identical,
n!

plgirl...”

Try thisone:B,B,B, G, G, R, R, R
3es =W o

and so on, is n(A4) =

= 120 = S0 arugrerts

Example 2

Permutations With Several Identical Elements

A hockey team ended its season with 12 wins, 8 losses, and 4 ties. In how
many orders could these outcomes have happened?

| & _QO\N\QS
~(A) = _2£ =/ 338,553 220
S GN
{\ \ s
WS [asses
Your Turn
Compare the number of orders of this hockey team’s wins, losses, and ties
with those of a team that had eight wins, eight losses, and eight ties. Would
you expect the number of orders to be higher or lower in the second
scenario? Why? /
A) = 2% = g, 465,5U,770
n T &87x87x8/

,e»{abel'\g""i"#‘e sewnd

[ "dom'u Wﬁ He dcz\crwlm‘l'd‘ s Sfm(lef, w~hich

@na(‘to brcams

leds 4o o LisoR" ““,’“” (XD@EDEN(«!)
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Example 3
Distinct Objects in a Fixed Order

How many ways are there to arrange the letters in the word NUMBER if the
consonants must remain in the original order?

&5 @l < e ovde KR
onsSona
ff\ﬁ:at Hen os ide~hal okjects:

/
n(A) = 6, = 30 ways.
# of ledffers
& of Grsorent>
Your Turn
How many permutations are there of the letters in the word EXPLAIN if the

vowels must be in alphabetical order? N -
in cove o He vorels oS ide~dTced

_Lgecks beanuse ey pranst (emrwin in ordles
A(F) = ?“’ = 84
,\ 4 of letss
\#o,:\/owds

Key Concepts

o The number of permutations of » objects, when p of one type are
identical, 4 of another type are identical, » of another type are
identical, and so on, is n(A4) = %

plglrl...

e If a number of distinct objects need to remain in a specific order in a

permutation, divide by the factorial of that number.

R1. Explain why you need to divide by 4! when calculating the number of
arrangements of the digits 1, 2, 2, 2, 2, 3, 4.

1 ¥ ¥ ¥ ¥ ¥

You must divide by 4! because you have four identical 2s.

R2. Is the number of permutations of three girls and four boys the same as the
number of permutations of three red balls and four green balls? Explain.

No! The permutations for 3 girls and 4 boys is 7!. They are
individuals, not identical people. The permutations for the
balls would be 7!/(3!4!)

R3. Why is it easier to use the formula n(A) = than to use a tree

plg! i"i e
diagram or chart?

It is quicker to use the formula. Identify the number of
objects and the number of identical objects. Tree
diagrams and charts can get complicated and impractical.
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